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Abstract
We seek the immediate description of chiral oscillations through the trembling motion obtained
by the velocity (Dirac) operator ~α. By taking into account the complete set of Dirac formalism
solutions which results in a free propagating Dirac wave packet composed by positive and negative
frequency components, we report about the well-established zitterbewegung results and indicate
how chiral oscillations can be expressed through the well know quantum oscillating variables. We
conclude with the interpretation of chiral oscillations as space coordinate very rapid oscillation
projections onto the longitudinally decomposed direction of the motion.
PACS numbers: 03.65.Pm, 11.30.Rd
∗Electronic address: alexeb@ifi.unicamp.br
1
After establishing the fundamental framework for relativistic quantum mechanics of fer-
minonic particles [1, 2], it became soon clear that the Dirac formalism, in spite of its noto-
rious success in obtaining the energy levels of the hydrogen atoms, could exhibit a plenty
of supposed inconsistencies, namely the presence of negative frequency solutions, the Klein
paradox [3] and the zitterbewegung (ZWB) phenomenon [4]. In first quantization, besides
the existence of the spin one-half particle, under certain conditions, the relativistic Dirac
formalism predicts an oscillating time dependence in the average of space coordinate vari-
able. This phenomenon, which is called as ZWB, was formerly noticed by Schroedinger [4]
as a consequence of the non commutative relation between the space coordinate operator ~x
and the Hamiltonian H. The existence of the ZWB effect is no stranger than the existence
of negative frequency solutions given that such a trembling motion is indeed only manifest
for wave functions with significant superposition between positive and negative frequency
components of the Dirac fields. For instance, in Hydrogen-like systems, the electron might
be driven by violent quantum fluctuations in its intrinsic space coordinate as to become
sensitive to an effective potential, effectively explained by the Darwin term of Coulomb po-
tentials [5][23]. Novel motivations for identifying the physical observables which coexist with
the superposition between positive and negative frequency Dirac spinor solutions have been
considered in the literature [6–9]. By following a similar line of reasoning as that applied
for computing the net effect of rapid oscillations of the space coordinate, it is reasonable to
verify that the expectation value of the Dirac chiral operator Γ5 also exhibits such an oscil-
latory feature. In particular, the formalism with Dirac wave packets [5, 10] also supports
the framework of chiral oscillations [11] and, for flavor-changing interactions, neutrinos with
positive chirality are decoupled from the neutrino absorbing charged weak currents [11].
Therefore chiral coupled to flavor oscillations introduce modifications to the standard flavor
conversion formula [12].
Due to this tiny relation between ZWB and chiral oscillations, the question we shall answer
in this manuscript is related to the computation of chiral oscillations in terms of the ZWB
motion: a chiral conversion mechanism is coupled with the ZWB motion in a way that they
cannot exist independently. That is, fast oscillations of the space coordinate variable can be
decomposed into transversal and longitudinal polarization vectors, and chiral oscillations can
be understood as space coordinate fast oscillation projections onto the momentum direction
- an important issue in the extended context of quantum oscillation phenomena.
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Straightforward manipulations concern with a free propagating bi-spinor particle such
that the covariant free particle Dirac formalism can be introduced through
(iΓν∂ν −m)ϕ(x) = 0, (1)
where x = (t, ~x) one has considered the Dirac representation, [5, 13, 14]m assuming that
c = ~ = 1. Free particle solutions are given in terms of plane waves through ϕ(x) = ϕ
+
(x)+
ϕ
−
(x) with ϕ
+
(x) = e[−i p x] u(p) for positive frequencies, and ϕ
−
(x) = e[+i p x] v(p) for negative
frequencies where p is the relativistic quadrimomentum, p = (E, ~p) with E2 = m2 + ~p2, and
the free propagating mass-eigenstate spinors are introduced through [16]
us(p) =
Γνpν +m
[2E (m+ E)]
1
2
us(m, 0) =


(
E+m
2E
) 1
2 ηs
~σ.~p
[2E (E+m)]
1
2
ηs

 ,
vs(p) =
−Γνpν +m
[2E (m+ E)]
1
2
vs(m, 0) =


~σ.~p
[2E (E+m)]
1
2
ηs
(
E+m
2E
) 1
2 ηs

 , (2)
with u(p) (or v(p)) set as u(p) = u†(p)Γ0 (or v(p) = v†(p)Γ0). The usual procedure [13] consists
in assuming a Dirac wave packet solution of Eq. (??) as
ϕ(t, ~x) =
∫
d3~p
(2π)3
∑
s=1,2
{bs(p)us(p) exp [−i E t] + d
∗
s
(p˜)vs(p˜) exp [+i E t]} exp [i ~p · ~x] (3)
where u(p) (or v(p)) is set as u(p) = u†(x)Γ0 (or v(p) = v†(p)Γ0) and p˜ = (E,−~p). Setting the
boundary condition over ϕ(0,x) through the Fourier transform of the weight function as
ϕ(~p− ~p0)w =
∑
s=1,2
{bs(p)us(p)+ d
∗
s
(p˜)vs(p˜)} (4)
one obtains
ϕ(0, ~x) =
∫
d3~p
(2π)3
ϕ(~p− ~p0) exp [i ~p · ~x]w (5)
w set as some constant normalized spinor. The coefficients bs(p) and d
∗
s
(p˜) are thus ob-
tained by using the orthogonality of Dirac bi-spinors. For any initial state ϕ(0,x) introduced
through Eq. (5), the coefficient of negative frequency solution d∗
s
(p˜) provides a non-vanishing
contribution to the time-dependent wave packet. The complete set of Dirac solutions is a
necessary demand to build the wave packet with a semi-analytical profile. Whether one
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considers a momentum distribution function built through a delta function limit, and with
a constant spinor w corresponding to a positive energy mass-eigenstate with momentum ~p,
the contribution due to the negative frequency components d∗
s
(p˜) shall vanish.
With the Dirac Hamiltonian of the free propagating particle written as H = ~α · ~p+ βm,
with ~α =
∑
3
k=1
αkkˆ =
∑
3
k=1
Γ0Γkkˆ and β = Γ0, one easily verifies the conditions for a given
observable O be a constant of the motion. Through the Heisenberg formalism one has
d
dt
〈O〉 = i〈[H,O]〉+ 〈
∂O
∂t
〉, (6)
For instance, the free propagating particle momentum can be identified as a conserved
quantity since
d
dt
〈~p〉 = i〈[H, ~p]〉 = 0, (7)
Likewise, the particle velocity comes out as
d
dt
〈~x〉 = i〈[H, ~x]〉 = 〈~α〉 (8)
At first glance, it appears quite reasonable [13] to calculate only positive frequency compo-
nent (ϕ
+
(x)) averaged values as
〈~α〉+(t) =
∫
d3~xϕ†
+
(x) ~αϕ+(x)
=
∫
d3p
(2π)3
~p
E
∑
s=1,2
|bs(p)|
2. (9)
It gives the expectation value of the particle’s velocity ~p
E
. In particular, one might notice
that the eigenvalues of αk are ±1 and they corresponds to ±c. However, massive particles
cannot exhibit, as an approached classical feature, velocities equal to ±c. Given that αk and
αl do not commute one each other for k 6= l, the measurement of the x projection of the
particle’s velocity is not consistent with the measurement of the corresponding y projection
- which is unusual, given that one knows that px and py commute.
The explanation for such an apparent misconception is given in therms of the plane wave
solutions from Eq. (2) which are not eigenfunctions of αk. Therefore, the velocity operator,
~α(t) does not correspond to a constant of motion, namely,
d
dt
〈~α〉 = i〈[H, ~α(t)]〉 = 2 i (〈~p〉 − 〈~αH〉) (10)
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identified as a differential representation of ~α(t). Reminding that ~p and H are constants of
the motion, one can solve Eq. (10) as to have [13]
〈~α〉(t) = 〈~pH−1〉+ 〈(~α(0)− ~pH−1) e[−2 iH t]〉 (11)
Considering that the spin angular momentum operator related to the Dirac bi-spinor is
given by ~Σ = Γ5~α is not a constant of the motion since
d
dt
〈~Σ〉 = i〈
[
H, ~Σ
]
〉 = −2(〈~α〉 × ~p) (12)
the particle’s helicity is introduced through the projection of the spin angular momentum
onto the momentum vector as h = 1
2
~Σ · ~ˆp, such that
d
dt
〈h〉 = i〈[H, h]〉 = −〈(~α× ~p) · ~ˆp〉 = 0 (13)
and the helicity is, therefore, a constant of motion. Otherwise, the chiral operator Γ5, can
be shown to be a time-dependent quantity [11],
d
dt
〈Γ5〉 = i〈[H,Γ5]〉 = 2 im〈Γ0Γ5〉, (14)
as helicity eigenstates can be read as chiral eigenstates uniquely in the ultra-relativistic limit
(mass m = 0) [16]. The effective value of Eq. (14) appears only when both positive and
negative components are taken into account to compose a Dirac wave packet, i. e. the non-
vanishing averaged value of 〈Γ0Γ5〉 is revealed by the superposition involving the complete
set of Dirac spinor solutions.
At time t = 0, the coefficients bs(p) and d
∗
s
(p) used in the construction of the Dirac wave
packet ϕ(x) can be chosen to provide a negative (positive) chiralitly eigenstate [12, 15] or, in
the same way, to provide a helicity eigenstate (when hus(p)(vs(p)) ≡ ±
1
2
us(p)(vs(p))). Once
one has assumed that the initial chiral eigenstate[24] ϕ(0, ~x) is not only a superposition of
momentum eigenstantes weighted by a momentum distribution of Eq. (4) centered around
~p0, but also a helicity (constant of the motion) eigenstate obtained through the production of
a spin-polarized particle, which formally occurs when one assumes that the constant spinor
w in the wave packet expression (5) is a simultaneous eigenspinor of Γ5 and h[25], we can
make use of the following decomposition,
d
dt
〈Γ5〉(t) =
d
dt
〈~α · pˆ
(
~Σ · pˆ
)
〉(t) =
(
d
dt
〈~α · pˆ〉(t)
)
〈~Σ · pˆ〉(t)+ 〈~α · pˆ〉(t)
(
d
dt
〈~Σ · pˆ〉(t)
)
(15)
5
from which, when one substitutes Eqs. (7) and (14), a subtle relation between the chirality
operator Γ5(t) and the velocity operator ~α(t) appears as
d
dt
〈Γ5〉(t) = (2h)
(
d
dt
〈~α〉(t)
)
· pˆ. (16)
The time evolution of Γ5 presents an oscillating character which can be interpreted as
consequence of the oscillating features related to the trembling motion associated to ~α(t).
Eqs. (10) and (16) lead to an evinced dependence of Γ5(t) on the momentum, such that ~α(t),
d
dt
〈Γ5〉(t) = 4 i h (~p− 〈~α(t)H〉) · pˆ. (17)
Given that 〈h〉, ~p and H are time independent, one concludes that there will not be
chiral oscillations without the quivering motion of the space coordinate. The constraint
between Γ5(t) and ~α(t) operators become more interesting when the complete expression for
the current density ϕ(x)Γν ϕ(x) (which leads to the averaged value of ~α(t)) is considered.
Through the Gordon decomposition [16], one then has
ϕ(x)Γνϕ(x) = −
i
2m
[(∂νϕ(x))ϕ(x)− ϕ(x) (∂νϕ(x))]
+
1
2m
∂κ (ϕ(x)σνκϕ(x)) , (18)
where σνκ =
i
2
[Γν ,Γκ]. The integration of the vector components of Eq. (18) over position
results into ∫
d3~xϕ†~αϕ =
1
2m
∫
d3~x
{
−i
[
ϕ
(
~∇ϕ
)
−
(
~∇ϕ
)
ϕ
]
+
[
~∇×
(
ϕ~Σϕ
)
− i∂t (ϕ~αϕ)
]}
(19)
where the x dependence has been suppressed from the notation. Using Eq. (3), the decom-
posed components of 〈~α〉 are set as∫
d3~x ~∇×
(
ϕ~Σϕ
)
= 0, (20)
i
2m
∫
d3~x
[
ϕ
(
~∇ϕ
)
−
(
~∇ϕ
)
ϕ
]
=
∫
d3p
(2π)3
{
~p
E
∑
s=1,2
[|bs(p)|
2 + |ds(p)|
2]
+
∑
s=1,2
(
m
E
−
E
m
)
aspˆ
[
b∗
s
(p) d∗
s
(p˜) e[+2 i E t] − ds(p) bs(p˜) e
[−2 iE t]
]}
, (21)
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with p˜ = (E,−~p), and assuming that as = ηs′ ~σ · pˆ ηs = (−1)
s+1δss′, and
−
i
2m
∫
d3~x ∂t (ϕ~αϕ) =
∫
d3p
(2π)3
{∑
s=1,2
(
E
m
)
aspˆ
[
b∗
s
(p) d∗
s
(p˜) e[+2 i E t] − ds(p) bs(p˜) e
[−2 i E t]
]
+
∑
s6=s′
nˆs
[
b∗
s
(p) d∗
s′
(p˜) e[+2 i E t] − ds(p) bs′(p˜) e
[−2 i E t]
]}
(22)
where nˆ1(2) = 1ˆ ± i2ˆ when pˆ = 3ˆ and the unitary vectors 1ˆ, 2ˆ and 3ˆ describe mutually
orthogonal components.
Eq. (20) allows one to verify that the ZWB does not get a contribution from the intrinsic
spin dependent (~Σ) magnetic moment component which couples with external magnetic
fields ~B(x). In fact, the ZWB originates from the current strictly related to the internal
electric moment. To clear up this point, it is convenient to consider the modern and more
precise interpretation of the ZWB [17, 18]. From such a theoretical perspective, the ZWB
for a Dirac particle is clearly related to the separation between the center of mass, which
is related to the Foldy-Wouthuysen space coordinate operator, and the center of charge,
which corresponds to Dirac’s space coordinate operator ~x. It is the particle’s charge at
space coordinate ~x that is moving at the speed of light in circles of radius ~/2mc around the
center of mass, such that the average value of this velocity is related to the linear momentum
of the particle. It is this separation, and thus the existence of an electric dipole moment
with respect to the center of mass, which justifies the above statement. For both particles
and antiparticles, then in pure positive or negative energy states, this internal motion of
the charge around the center of mass exists but there are no chiral oscillations, which is
no longer obvious. However, the production of a bi-spinor particle as a chiral eigenstate
(for instance, a neutrino), imposes the wave packet space-time evolution obtained by the
superposition of positive and negative frequency components of the Dirac formalism [10]. It
recovers the possibility of chiral oscillations for massive bi-spinor particles. In this context,
the coupling between chiral oscillations and the zitterbwegung is recovered.
By taking into account Eqs. (21-22), one can turn back to Eq. (17), which carries the main
idea of this manuscript, and observe that chiral oscillations can be essentially constructed
in terms of the longitudinal components of 〈~α〉. By calculating the mean value of 〈~αH〉 and
projecting it onto the momentum direction pˆ, one obtains
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〈~α(t)H〉 · pˆ =
∫
d3p
(2π)3
{
~p
E
· pˆ
∑
s=1,2
[(E)|bs(p)|
2 + (E)|ds(p)|
2]
+
∑
s=1,2
m
E
as
[
(E)b∗
s
(p) d∗
s
(p˜) e[+2 i E t] − (E)ds(p) bs(p˜) e
[−2 i E t]
]}
= |~p| −
∫
d3p
(2π)3
m
∑
s=1,2
as
[
b∗
s
(p) d∗
s
(p˜) e[+2 i E t] − ds(p) bs(p˜) e
[−2 i E t]
]
, (23)
which can be substituted into (17) as to give
d
dt
〈Γ5〉(t) =
∫
d3p
(2π)3
m
E
∑
s=1,2
(2 h as)(2 i E)
[
b∗
s
(p) d∗
s
(p˜) e[+2 i E t] − ds(p) bs(p˜) e
[−2 i E t]
]
(24)
in manner that the time dependence of the chiral operator could be written as
〈Γ5〉(t) = 〈Γ5〉(0)+
∫
d3p
(2π)3
m
E
∑
s=1,2
(2 h as)
[
ds(p) bs(p˜)
(
e[2 i E t] − 1
)
+ h.c.
]
= 〈Γ5〉(0)+
∫
d3p
(2π)3
m
E
∑
s=1,2
[
ds(p) bs(p˜)
(
e[2 i E t] − 1
)
+ h.c.
]
. (25)
since 2has is unitary for positive and negative definite helicity states.
The physical relevance of the above obtained results is discussed in [11], in particular,
for a gaussian state describing and initial wave function which has null averaged chirality:
chiral left-right oscillations mutually cancel and there is no overall oscillation. It could be the
origin of an apparent paradox. Just to avoid to reproduce the same ideas already presented
in [11], while the cross sections are Lorentz invariant, the chiral probabilities are not, which
suggests that probabilities measurements are chiral independent, ruining the physical signif-
icance of chiral oscillations. The objection based upon the Lorentz invariance replied by the
argument that, at any given Lorentz frame, chiral oscillations are important because of the
chiral projection form (V-A) of the charged weak currents. The chiral probability variations
produced by Lorentz transformations (even if Γ5 commutes with the Lorentz generators) are
reversely compensated by the wave function normalization and the Lorentz transformations
of the weak interaction vector bosons and other interacting particles.
The above analysis also suggests that the preliminary tools for obtaining an expression
for the neutrino spin-flipping in magnetic field can be related to chiral oscillations in the
limit of a massless particle (ultra-relativistic limit). By correctly differing the concepts of
helicity and chirality, one can identify the origin and the influence of chiral oscillations
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and spin-flipping in the complete flavor conversion formula. In some previous manuscripts
[10, 12, 15] we have also confirmed that the bi-spinor character of the particles changes
the standard flavor oscillation profiles by the presence of corrections due to a very high
oscillation frequency dependence on the sum of energies which, in case of Dirac wave-packets,
correspond to fine-tuning modifications that, however, are not effective in the UR regimes of
propagating neutrinos in vacuum[19, 20]. The physical consequences in environments such
as supernova can be theoretically studied [21]. And also, it was observed that, in matter
environments, neutrinos achieve an effective electromagnetic vertex which affects the flavor
conversion process in a framework where conserving chirality can be obtained [22].
Just as a remark about this connection with neutrino physics, it is also to be noted that
in this kind of analysis one has to assume that neutrinos are Dirac particles, thus making
the positive-chiral component sterile. If neutrinos are Majorana particles [19], they cannot
have a magnetic moment, obviating the spin-flipping via magnetic field interactions but still
allowing the (vacuum) chiral conversion possibility via very rapid oscillations (ZWB).
To end up, given that neutrino electroweak interactions at the source and detector are
presumably (left) chiral (ϕΓν(1− Γ5)ϕWν), only the component with negative chirality con-
tributes to the propagation. Hence ZWB -like oscillations can take place in the scenario
of neutrino oscillations. It is remarkable that, in the standard treatment of neutrino flavor
conversion mechanism, mass-eigenstate wave packets built with only positive frequency so-
lutions is implicitly assumed. Even if the standard oscillation predicts fiducial results when
suitably interpreted, a more satisfactory description involving bi-spinor structures require
the use of the Dirac formalism for the propagating mass-eigenstates. Consequently, the
spinorial form and the superposition between positive and negative frequencies of the mass-
eigenstate wave packets leads to the possibility of chiral coupled with flavor oscillations [10],
even when it concerns with non-relativistic neutrinos.
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